In stark contrast with three-dimensional (3D) nanostructures, we show that boundary scattering in two-dimensional (2D) nanoribbons alone does not lead to a finite phonon mean free path. If combined with an intrinsic scattering mechanism, 2D boundary scattering does reduce the overall mean free path, however the latter does not scale proportionally to the ribbon width, unlike the well known Casimir regime occurring in 3D nanowires. We show that boundary scattering can be accounted for by a simple Mathiessen type approach for many different 3D nanowire cross sectional shapes, however this is not possible in the 2D nanoribbon case, where a complete solution of the Boltzmann transport equation is required. These facts have strong implications for the thermal conductivity of suspended nanostructures.
When the material size goes down to nanoscale, interfaces and sub-continuum phonon conduction phenomena play important roles in thermal transport. During the last few years there has been an increasing interest in the use of nanostructuring to control the thermal conduction in materials for various applications.
1- 4 These experiments showed that the lowest lateral dimension (LLD) of nanostructures plays a key role in thermal transport. The first theoretical investigations of boundary scattering in thin wires were based on the works of Casimir, 5 Fuchs 6 , Sondheimer, 7 Dingle, 8 and others. 9 These approaches allow us to interpret the results of recent suspended nanowire (NW) thermal transport measurements in terms of the boundary scattering limited mean free paths of phonons in the system.
It is known that the Mathiessen approach gives good description to the boundary scattering in cylindrical NWs. 8 However in fact the cross sectional shape of thin NWs may depart considerably from the cylindrical one. For example, the thermal conductivity of triangular and hexagonal shape InAs NWs has been recently measured, and its analysis requires to know how this shape affects boundary scattering. 10 Therefore, in the first part of this letter, we perform a systematic study of the effect of various shapes on boundary scattering. We conclude that the boundary and intrinsic scatterings can be considered to act additively, leading to a conveniently simple way to estimate mean free paths in the differently shaped NWs. We then investigate the validity of the Matthiessen rule for two-dimensional (2D)
ribbons. We find that the Mathiessen approximation underestimates phonon conductance in nanoribbons.
The phonon mean free path λ is the key parameter for modeling the thermal transport in nanostructured materials. The phonon mean free path in thin NWs is known to be proportional to the wire diameter, with a proportionality constant that depends on the wire's cross sectional shape. Accurate calculation of λ is required for computing the thermal conductivity solving the Boltzmann transport equation (BTE) in the relaxation time approximation (RTA). Assuming that the boundaries are perfectly rough and that the wire length is much larger than the intrinsic mean free path λ 0 due to bulk scattering processes, and much larger than the LLD, λ in a NW can be calculated using
where l p represents the phonon path length, S is the cross section area, Ω is the solid angle, χ is the angle between the phonon path and the wire axis. This integral averages over all 2 possible phonon orientations and positions in the cross section.
To investigate the effect of different cross section, we use Eq.1 to compute the λ for NWs in five different cross section shapes: Square, triangle, circle, hexagon and hexagram. In Fig.1 , it is shown that λ/w saturates to a constant when λ 0 >> w, where w is the nanowire width defined in the same figure. The ratio λ/w has previously been analytically obtained for the circular and square cross section cases, yielding 1.0 and 1.12 respectively. 9 The exact same values have been found in our calculation when w/λ 0 goes down to 10 In the transition region between (λ 0 >> w) and (w >> λ 0 ), we can compare the exact results from Eq.1 with the one estimated by Mathiessen's rule,
where A is the geometry specific constant tabulated in the inset of Fig.2 (first column). This empirical rule has been commonly used in the literature. Fig.2 shows this transition region 3 by plotting λ as a function of w, in which we compare our results computed by using Eq.1 (symbols) with those calculated by using Eq.2 (lines). It is shown that these two models
give roughly the same estimation to λ with slight difference. The mismatch between these two models is more significant for the triangle and hexagram cross sections, as expected since the edges of these two shapes are sharper than those of others.
When w goes beyond the transition region to w >> λ 0 , the value of λ will be finally saturated to λ 0 when the size of the system reaches macroscopic bulk scale. For this we can see an inverse-linear trend in Fig.1 when w is roughly over ten times larger than λ 0 (Fig.2) .
It can be seen that the saturation is slower for the cross section shapes with sharper edges. Boundary scattering affects phonon conduction quite differently in 2D nanoribbons than in three-dimensional (3D) nanostructures. 2 In narrow graphene ribbons, thermal conductivity can be significantly reduced by boundary scattering. In recent theoretical studies, different factors affecting the phonon transport in graphene were investigated by means of non-equilibrium 11, 12 and equilibrium molecular dynamics (MD), 13 and BTE approaches.
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The effects of graphene length and width, topological defect, uniaxial strain, edge roughness and hydrogen termination have been discussed. In particular, graphene boundary scattering effects were included in Ref. 15 by directly borrowing the 3D Casimir boundary scattering term. For a totally diffuse boundary, this would predict a strong boundary effect, with a mean free path that is proportional to, and of the same order as, the nanoribbon's thickness. This is justified for the case of graphene flake, investigated in Ref. 15 . However in this Letter, we show that the 2D long ribbons exhibit different boundary scattering dependence. If one only considers fully diffuse boundary scattering but no other scattering mechanism, the average phonon mean free path in graphene nanoribbons becomes infinity. In combination with an intrinsic scattering, a fully diffuse boundary will decrease the mean free path below that of the bulk. This effect is much weaker in 2D nanoribbons than in 3D NWs, e.g., 2D
ribbons exhibit a slower dependence on thickness than the 3D nanostructures. For a flat 2D ribbon, the S in Eq.1 becomes the ribbon width w and the solid angle Ω 5 becomes the angle θ between the phonon path and the ribbon edge. It yields
where x = l p sin θ. The integration in x of Eq.3 gives
This expression is similar but not equivalent to the one for a thin film. 9 By plotting λ 2D (w)/λ 3D-film (w) for a large range of w (not shown), it is easy to verify that 0.85 < λ 2D /λ 3D-film < 1, i.e. the thin film and 2D cases are very close, the largest deviation occurring for w << λ 0 .
These equations also highlight another important qualitative difference with respect to the NW case: for 2D ribbons, the mean free path diverges in the absence of an intrinsic scattering mechanism. This is not the case for 3D NWs, in which boundary scattering results in a finite mean free path. Thus, it is not possible to derive a Casimir formula for 2D ribbons, and one cannot employ the approximated Mathiessen rule that we have earlier discussed for NWs. One of the correct ways to include the effect of boundary scattering in 2D nanoribbons is to perform the numerical integral in Eq. 4. Fig.3 shows λ/λ 0 vs. w/λ 0 for an infinitely-long rod with rectangular cross section w × h, for different aspect ratios h/w. Like the trend of the square cross section shown in Fig.1, λ is proportional to w when λ 0 >> w. In this region, the ratio λ/w increases with increasing aspect ratio h/w. The value of λ saturates to λ 0 at different values of w, depending on the aspect ratio, when the wire size becomes much larger than the intrinsic mean free path.
It might have been naively expected that the h << w case would approach the 2D case.
Instead, λ in graphene roughly follows the trend of λ in rectangular cross section NWs with high aspect ratio (w << h). The reason is that, in a 3D thin film, λ is strongly dominated by the phonon scattering on the top and bottom surfaces when h/w is small. However, this scattering mechanism does not exist in a 2D system like graphene.
Finally, in Fig.3 , we compare our results for 2D ribbon phonon mean free path with those calculated using the expression proposed in Eq.(19) of Ref. 15 . The inset in Fig.3 clearly shows that the decrease of λ for 2D ribbons is slower that that predicted by Eq. (19) in Ref. 16 ), e.g. for graphene with width in several tens of nanometers, the effect of phonon boundary scattering can be considerably weaker than previously thought.
In conclusion, we have investigated the influence of sectional shape and dimensionality on the phonon mean free path of suspended NWs and nanoribbons. We have tabulated the Casimir geometric factors for five sectional shapes for the linear region (LLD << λ 0 ).
The exact dependence of λ on w has been shown to be reasonably well described by the Mathiessen approximation, using the tabulated factors. In contrast, we found that the effect of boundary scattering on the phonon mean free path of 2D ribbons is intrinsically different from that of 3D NWs. In particular, the 2D ribbon mean free path depends more slowly on system width, and it diverges in the absence of an intrinsic bulk scattering. As a result, neither a Casimir mean free path nor a Mathiessen rule can be defined for 2D ribbons.
In the hypothetical case of vanishing intrinsic scattering, boundary scattering alone would lead to an infinitely long average mean free path in graphene, contrasting sharply with the thickness limited 3D case. This suggests that the phonon boundary scattering in graphene nanoribbons should be weaker than previously suggested. 
